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a b s t r a c t
By introducing a definition of partially chaotic for a kind of generalized chaotic system,
this paper discusses the chaotification problem with a new approach based on (system)
immersion and (manifold) invariance. The basic idea is to immerse the plant system into a
reduced-order chaotic system. The proposed approach is also applied to chaotify systems
with uncertain parameters. Illustrative examples with simulation results are presented to
validate the proposed chaotification schemes.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
An increasing attention is attracted to the research on chaotic systems and chaotic phenomena in recent years [1,2].
The task of purposely creating or enhancing chaos, called chaotification or anti-control of chaos, has great potential in
nontraditional applications such as those foundwithin the contexts of physical, chemical, mechanical, electrical, optical, and
particularly biological andmedical systems. Today, chaotification is a very attractive subject, which is also quite challenging
technically [3–12]. The existing approaches of chaotification are based on the following tools: Lyapunov exponent allocation,
added linear or nonlinear state feedback, the alteration of the dynamics of the available chaos attractors, the time delayed
system parameter perturbation or time delayed state feedback, the precise tracking of the reference chaos system [3–12].
As the zero dynamics cannot be controlled directly in the minimum-phase systems, chaotification has been realized just for
a part of the state [6]. Furthermore, it is difficult and even unnecessary to realize chaotification for the whole state in the
high-dimensional systems.
This paper introduces a definition partially chaotic which means that part of the state in a system will be chaotic as time
goes to infinity. Based on this definition,wepropose a newchaotification approach for nonlinear systems,which ismotivated
by the basic idea of (system) immersion and (manifold) invariance(I&I). I&I was first proposed for designing nonlinear and
adaptive controllers for (uncertain) nonlinear systems in 2003 [13]. The basic idea of I&I approach is to immerse the plant
system into a reduced-order system with prespecified properties [13–15]. This paper considers the target dynamics with
a chaos attractor. This approach can reduce the controller design problem to other subproblems which, in some instances,
might be easier to solve. Differing from most of the existing controller design approaches, it does not require, in principle,
the knowledge of a (control) Lyapunov function [13–17].
The rest of the paper is organized as follows. Section 2 introduces a definition of partially chaotic. In Section 3, we report
the main results of chaotification for the nonlinear system via system immersion, and employ the proposed approach to
design the chaotification control law for a four-dimensional system. In Section 4, we extend the system immersion approach
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to chaotify the nonlinear system with uncertain parameters, and present an illustrating example with simulation results.
Finally, some conclusions are drawn in Section 5.
2. Definition of partially chaotic
Let us start with a preliminary definition, consider a nonlinear system as follows:
x˙ = f (x) (1)
where x ∈ Rn and f (·):Rn → Rn is a smooth function, and a chaos system as follows:
ξ˙ = α(ξ) (2)
where ξ ∈ Rp, p < n and α(·):Rp → Rp is a smooth function.
Definition 1. A system described by equations of the form (1) with target dynamics (2) is said to be restrictively chaotic if
there exists a mapping π(·):Rp → Rn, satisfying
f (π(ξ)) = ∂π
∂ξ
α(ξ), for every ξ ∈ Rp (3)
such that chaos system (2) is immersed into system (1).
Remark 2.1. By Definition 1, if system (1) is restrictively chaotic, there exists an invariant manifold described as follows.
M = {x ∈ Rn | φ(x) = 0} = {x ∈ Rn | x = π(ξ), ξ ∈ Rp} (4)
where φ(·):Rn → Rn−p is a surjection.
When the state x(t) in system (1) is on the manifoldM, x(t) = π(ξ(t)), namely, the internal dynamics of system (1)
copies system (2). As system (2) is chaotic, its chaos attractor is also transformed into system (1) through transformation
x(t) = π(ξ(t)) [18,19]. Then, system (1) has a similar attractor with the same dimension as system (2) [19]. Thus, only part
of states in system (1) is chaotic essentially in the sense of traditional definition under the restriction φ(x) = 0.
When the state x(t) is off the manifoldM, its trajectory depends on the attractability of the manifold. If the manifold
is globally attractive, which implies that the state x(t) will tend towards the manifoldM, then a chaos-like phenomenon
appears along with the attractor on the manifold. If the manifold is not globally attractive, the state will not get into the
manifold, namely, there will never exist a chaos-like phenomenon.
Definition 2. If system (1) is restrictively chaotic and the invariant manifoldM is globally attractive, then system (1) is said
to be partially chaotic.
3. Chaotification approach via system immersion
This section reports themain results of chaotification via system immersion. And thenwe employ the proposed approach
to design the chaotification control law for a four-dimensional system.
3.1. Main results
Proposition 3.1. Consider an n-dimensional system to be chaotified as follows:
x˙ = f (x, u) (5)
where state x ∈ Rn and control u ∈ Rm, function f (·, ·):Rn × Rm → Rn is smooth. Let p < n. If there exist smooth mappings
α(·):Rp → Rp, π(·):Rp → Rn, c(·):Rn → Rm, φ(·):Rn → Rn−p and ψ(·, ·):Rn × Rn−p → Rm such that the following hold.
(A1) System in the following form
ξ˙ = α(ξ) (6)
with state ξ ∈ Rp is a chaos system.
(A2) π(·) is an immersion mapping, and for every ξ ∈ Rp,
f (π(ξ), c(π(ξ))) = ∂π
∂ξ
α(ξ) (7)
(A3) φ(·) is a surjection, and the following set identity holds:
M = {x ∈ Rn | φ(x) = 0} = {x ∈ Rn | x = π(ξ), ξ ∈ Rp}. (8)
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(A4) Let z = φ(x), the control law u = ψ(x, z) satisfying ψ(x, 0) = c(x) could be designed such that the state trajectory of the
system
z˙ = ∂φ
∂x
f (x, ψ(x, z)) (9)
is bounded and system (9) has a uniformly globally asymptotically stable equilibrium at z = 0.
Then the closed-loop system
x˙ = f (x, ψ(x, φ(x))) (10)
is partially chaotic.
Proof. By (A3), we will get the conclusion that x = π(ξ) implies φ(π(ξ)) = φ(x) = 0. With (A2), the following identity
f (π(ξ), ψ(π(ξ), φ(π(ξ)))) = f (π(ξ), c(π(ξ))) = ∂π
∂ξ
α(ξ)
holds. And (A1) shows that system (6) is chaotic, so system (10) is restrictively chaotic by Definition 1.
Moreover, (A4) shows that the manifoldM described in (A3) is globally attractive. According to Definition 2, the closed-
loop system is partially chaotic. 
Remark 3.1. Proposition 3.1 implies that the considered system is chaotified in the sense of Definition 2. In fact, the proof
of Proposition 3.1 provides a new chaotification approach. The approach can be called as I&I chaotification. Its basic idea is
to construct a chaotification controller such that a chaos system is immersed into the system under consideration.
Remark 3.2. By Proposition 3.1, the problem of I&I chaotification can be decomposed into two subproblems. First, give the
target chaos system, and find, if possible, a manifoldM described implicitly by {x ∈ Rn| φ(x) = 0} and in parameterized
form by {x ∈ Rn| x = π(ξ), ξ ∈ Rp}, which can be rendered invariant with internal dynamics a copy of the target chaos
system. Second, construct a control law u = ψ(x, z) that drives to zero the off-the-manifold coordinate z = φ(x) and keeps
the trajectory of system (10) bounded.
Now we give a definition, which will be used in the rest of the paper to provide concise statements.
Definition 3. System (5) is said to be I&I chaotificable with target chaos system ξ˙ = α(ξ) if all of the conditions in
Proposition 3.1 are satisfied.
3.2. Chaotification for a four-dimensional system
Consider a simple four-dimensional system as follows [12]:
x˙1 = a2 (x2 − x1)+ x4
x˙2 = −x1x3 + cx2
x˙3 = x1x2 − bx3
x˙4 = x1x3 + u
(11)
where state x ∈ R4 and input u ∈ R, parameters a, b, c are the same with those in the Lü chaos system as follows:
ξ˙1 = a(ξ2 − ξ1)
ξ˙2 = −ξ1ξ3 + cξ2
ξ˙3 = ξ1ξ2 − bξ3
(12)
where state ξ ∈ R3 and parameters are constants satisfying the existence condition of a Lü attractor. Now we choose Lü
system (12) as a target system for the I&I chaotification design of system (11). Let π11 = ξ1, π12 = ξ2 and π13 = ξ3, then
Eq. (7) of (A2) can be reduced to
a(ξ2 − ξ1) = a2 (ξ2 − ξ1)+ π2
∂π2
∂ξ
α(ξ) = ξ1ξ3 + c(π(ξ)).
(13)
Then we obtain π2 = a2 (ξ2 − ξ1), and c(π(ξ)) is implicit in the equations. The manifold x = π(ξ) can be described by
φ(x) = x4 − a2 (x2 − x1) = 0. Let z = φ(x), then the off-the-manifold dynamics is given as follows:
z˙ = x1x3 + ψ(x, z)+ a
2
4
(x2 − x1)+ a2 (x1x3 − cx2 + x4). (14)
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Fig. 1. Dynamical behaviors of the closed-loop system.
Fig. 2. Attractor of the closed-loop system in 3D.
Therefore we can construct the control law ψ(x, z) = − a2 (x1x3 − cx2 + x4) − x1x3 − a
2
4 (x2 − x1) − kz where k > 0 such
that the off-the-manifold coordinates converge to zero. And then the chaotification controller is obtained as follows:
u = − a
2
(x1x3 − cx2 + x4)− x1x3 − a
2
4
(x2 − x1)− k

x4 − a2 (x2 − x1)

.
Simulation results are shown in Figs. 1 and 2. The simulation coefficients were fixed as follows: a = 36, b = 3, c =
20, k = 2; x(0) = [1 1 1 1]T . These results show that system (11) is chaotified through the proposed controller and system
(11) is I&I chaotificable.
4. Chaotification for systems with uncertain parameters
In order to extend the results obtained in the above section, we consider the chaotification problem of uncertain systems
in this section. Proposition 3.1 is employed to design the chaotification controller with an adaptive control law, which
extends the dynamics of the plant system.
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4.1. Problem statement
Consider again system (5) to be chaotified, if a vector field f (·) depends on an unknown parameter vector θ ∈ Θ ⊂ Rq
whereΘ is a compact set, then we define an augmented system as follows:
x˙ = f (x, u)
˙ˆ
θ = w (15)
where θˆ ∈ Rq andw is a new control signal.
(C1) There exists a parameterized function v(x, θ)where θ is the samewith system (15), namely assume θ is available, such
that
x˙ = f (x, v(x, θ)) (16)
is chaotic in a certain region of x.
The I&I adaptive chaotification problem is then formulated as follows:
Definition 4. System (15) with Assumption (C1) is said to be adaptively I&I chaotificable if there exist two functions β1 and
β2 [13] with appropriate dimensions such that the extended system
x˙ = f (x, v(x, θˆ + β1(x)))
˙ˆ
θ = β2(x, θˆ )
(17)
is I&I chaotificable with target dynamics
ξ˙ = f (ξ , v(ξ, θ)). (18)
4.2. Systems affine in the unknown parameters
In this section, to demonstrate the application of the foregoing theory and for simplicity, we consider a kind of nonlinear
systems which are affine in input and parameters as follows
x˙ = f0(x)+ f1(x)θ + g(x)u (19)
with state x ∈ Rn and input u ∈ Rm, where θ ∈ Θ ⊂ Rq is an unknown constant vector.
Proposition 4.1. Consider system (19) to be chaotified, and assume the following hold.
(D1) There exists a full-information control law u = v(x, θ) such that the closed-loop system
x˙ = f ∗(x) , f0(x)+ f1(x)θ + g(x)v(x, θ) (20)
is chaotic in a certain region of x.
(D2) There exists a mapping β1(·) such that the state trajectory of the system
z˙ = −∂β1
∂x
f1(x)z (21)
is bounded and system (21) has a uniformly asymptotically stable equilibrium at z = 0.
Then system (19) with Assumptions (D1) and (D2) is adaptively I&I chaotificable.
Proof. Consider the following extended system as the plant
x˙ = f0(x)+ f1(x)θ + g(x)v(x, θˆ + β1(x))
˙ˆ
θ = β2(x, θˆ )
where β1 and β2 are ‘‘control’’ functions to be determined.
Now we check that the conditions of Proposition 3.1 for the above extended system are satisfied.
First, the target system is ξ˙ = f ∗(ξ) = f0(ξ)+ f1(ξ)θ + g(ξ)v(ξ, θ), then (A1) is satisfied automatically by (D1).
Second, search mappings π1(·), π2(·), c1(·) and c2(·) such that condition (A2) holds.
Let
x = π1(ξ)
θˆ = π2(ξ)
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then, Eq. (7) becomes
∂π1
∂ξ
f ∗(ξ) = f0(π1(ξ))+ f1(π1(ξ))θ + g(π1(ξ))v(π1(ξ), π2(ξ)+ c1(π1(ξ)))
∂π2
∂ξ
f ∗(ξ) = c2(π1(ξ), π2(ξ)).
A solution to these equations is given as π1(ξ) = ξ , π2(ξ) = θ − c1(π1(ξ)) for any function c1(·), and c2(·) defined by the
second identity above.
Setting β1(ξ) = c1(π1(ξ)), the implicit manifold in (A3) is described by the equation
φ(x, θˆ ) = θˆ − θ + β1(x) = 0.
It remains to prove that (A4) holds. To this end, note that the dynamics of the off-the-manifold coordinate z = φ(x, θˆ ) is
given by the equation
z˙ = β2(x, θˆ )+ ∂β1
∂x
[f0(x)+ f1(x)(θˆ + β1(x)− z)+ g(x)v(x, θˆ + β1(x))].
Select the adaptation law
β2(x, θˆ ) = −∂β1
∂x
[f0(x)+ f1(x)(θˆ + β1(x))+ g(x)v(x, θˆ + β1(x))]
then the dynamics becomes (21). Hence, by Assumption (D2) condition (A4) holds. 
Remark 4.1. In hypothesis (D2), it requires to find β1. If f T1 (x) is a Jacobian matrix, namely, there exists β1 such that
∂β1
∂x = f T1 (x), then it is easy to ensure that state trajectories of system (17) are bounded and system (17) has a uniformly
asymptotically stable equilibrium at the origin. Under this condition, the I&I chaotification design will become simple.
4.3. Chaotification for the uncertain Genesio system
Consider the system as follows:
x˙1 = x2
x˙2 = x3
x˙3 = −θ1x1 − θ2x2 − θ3x3 + f (x1, x2, x3)+ u
(22)
where state x = [x1 x2 x3]T ∈ R3 and input u ∈ R, parameter vector θ = [θ1 θ2 θ3]T ∈ R3 is constant but unknown, function
f is available and f (x1, x2, x3) = O(x1, x2, x3)which denotes the higher-order terms of x1, x2, x3. System (22) can be treated
as an uncertain Genesio controlled system. Genesio system is chosen as a target system in the following form [20]:
ξ˙1 = ξ2
ξ˙2 = ξ3
ξ˙3 = −cξ1 − bξ2 − aξ3 + ξ 21
(23)
where a, b and c are positive constants satisfying ab < c .
If these parameters are known, then the chaotification controller is constructed as follows:
u = (θ1 − c)x1 + (θ2 − b)x2 + (θ3 − a)x3 − f (x1, x2, x3)+ x21.
If these parameters are unknown constants, then we can consider the extended system
x˙1 = x2
x˙2 = x3
x˙3 = −cx1 − bx2 − ax3 + x21 + (θˆ1 + β11(x)− θ1)x1 + (θˆ2 + β12(x)− θ2)x2 + (θˆ3 + β13(x)− θ3)x3
˙ˆ
θ = β2(x, θˆ ).
(24)
The implicit manifold is described by the equation
φ(x, θˆ ) = θˆ − θ + β1(x) = 0.
The off-the-manifold coordinate z = φ(x, θˆ ) is given by the equation
z˙ = β2(x, θˆ )+ ∂β1
∂x
 x2x3
−cx1 − bx2 − ax3 + x21 + x1z1 + x2z2 + x3z3
 . (25)
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Fig. 3. Dynamical behaviors of the closed-loop system.
Select the adaptation law
β2(x, θˆ ) = −∂β1
∂x
 x2x3
−cx1 − bx2 − ax3 + x21

where β1(x) = [β11(x) β12(x) β13(x)]T are selected as follows: β11(x) = −γ x1x3, β12(x) = −γ x2x3 and β13(x) = − γ2 x23
where γ > 0. Then, the adaptation law can be described in detail as follows:
β2(x, θˆ ) =
γ x2x3 − cγ x
2
1 − bγ x1x2 − aγ x1x3 + γ x31
γ x23 − cγ x1x2 − bγ x22 − aγ x2x3 + γ x21x2
−cγ x1x3 − bγ x2x3 − aγ x23 + γ x21x3
 . (26)
Simulation results are shown in Fig. 3. The numerical simulation has been carried out with the coefficients a = 6, b =
3, c = 20; θ1 = 8, θ2 = 5, θ3 = 2, γ = 1; and the initial condition x(0) = [10 10 10]T . From these figures in Fig. 3, we can
see that the chaotification of system (22) is achieved with the presented controller with the adaptation law.
5. Conclusions
In this paper, a new approach based on system immersion has been proposed for the chaotification of nonlinear systems.
It was also extended to chaotify systems with uncertain parameters. Illustrating examples with simulations have shown
that the proposed chaotification schemes are effective, respectively. This paper also motivates a possible investigation of
the chaotification problem for the discrete-time system by immersing a given chaos system into the plant system.
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